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I. — Abncua  of  the  Altituilf  and  Azimuth  of  the  Pole  iStar^^-, 


By  E.  Deville,  LL.D. 

(Read    May    I'Srd.    190«.)0CT    ^         i^LO 

The  boundaries  of  stxitions  in  the  land  surveys  of  the  Dominion 
being  north  and  south  or  east  and  west  lines,  it  it  essential  that  surveyon 
who    subilivide    towashipa    should    ast'irtain    frequently    the    direction 
of  the  astronomical  meridian,  so  that  thoy  may  know  the  exact  bearings 
of  the  lines  which  they  are  running.     The  method  prescribed  for  thia 
determination  is  the  observation  of  the  Pole  Star  in  day  light.     The  Star 
is  roadiiy  seen  an  hour  after  sunrise  or  before  sunset  with  the  telescope 
of  lYz  in.  aperture  supplied  to  the  Dominion  Land  Suneyors,  provided 
it  ia  adjusted  to  bring  the  Star  approximately  in  the  centre  of  the  Held. 
The  direction  in  azimuth  is  given  from  the  survey  lines  or  by  means  of 
the  magnetic  needle,  after  which  the  telescope  n  set  to  the  altitude  of 
the  Pole  Star.     Sidereal  time  is  given  by  a  common  watch,  regulated  to 
gain  3  m.  5G  s.  per  day;  its  error  is  ascertaineil  from  time  to  time  by 
meridian  transits  of  the  sun  or  stars.    To  facilitate  matters,  astronomical 
field  tables  are  supplied  to  8urveyor^».     Among  other  data  the  tables  give 
the  liearing  of  the  Pole  Star  for  every  ten  mi-  utcs  and  for  townships 
0,  20,  40,  60  and  80 :  the  bearing  at  any  other  time  and  for  any  oth?.- 
township  is  obtained  by  interpolation.  The  distance  of  tlie  Star  ab6ve  or 
below  the  pole  is  also  given  for  calculating  the  altitude.     Although  the 
interpolation  for  the  bearing  and  the  calculation  of  the  altitude  are  very 
simple,  some  survej-ors  prefer  to  have  no  calculation  whatever :  this  con- 
dition is  fulfilled  by  the  abacus. 

Graphic  Rfpresenfation  "/  Equa'ions. 

Before  explaining  the  theory  of  this  abacus,  it  is  necessarv-  to  recall 

a  few  of  the  principles  of  the  graphic  representation  of  equations.     An 

«  exhaustive  investigation  of  the  subject  has  l»een  made  by  d'Oeairne : ' 

what  is  needed  for  our  purpose  may  he  briefly  summed  up  as  follows: 

If,  in  the  equation  of  a  curve : 

(1)  fi  (x,  y,  ar.)  =  o 

BQCcessiTe  increments  are  given  to  the  parameter  <r,,  to  each  of  there 
increments  corresponds  a  different  curve:  the  equation  thus  defines  a 
system  of  curves  (a,). 


•  TraitC  de  Nomographle  by  Maurice  d'Ocagne,  Paris — Oauthler — VU'ars. 
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In  the  ii»mv  wtj,  the  equations : 


(3) 


f,  (x,  y,  «i)  =  o 

f,  (i-,  .V.  «.)  =  o 


.lcfii.0  the  8V8tein»  of  curves  («,)  and  («,).  When  three  of  these  ourvei 
taken  reupe'ttively  in  i:ich  of  the  »jr.-stcni«  intersect  in  one  point,  the  cor- 
renpondini,'  valuen  of  the  vuriablee  a^,  «„  a„  satisfy  the  equation : 

F  («„  «„  a,)  =  o 

resulting  from  the  elimination  of  x  and  y  between  the  equation*  (1), 
(2)  and  (.J).  Tho  alue  of  any  one  of  the  variables  can  thus  be  ob- 
tained by  means  of  the  other  two.     For  insUnco,  if  we  wish  in  Fig.  1  to 


Fio.  1. 


find  the  value  of  a,  corresponding  to  «,  =  2  and  a,  =  4,  we  follow  to 
their  intereection  the  cui-ves  marked  ''2"  in  the  system  («,)  and  "4"  in 
the  system  («,)  :  the  curve  of  tho  system  (a,)  passing  through  this  point 
being  marked  "5",  this  numher  is  the  required  value  of  a-^ 

This  kind  of  abacus  is  the  one  most  frequently  met  with,  althongU 
by  no  means  the  best.  Usually  one  of  the  variables,  a^,  is  Uken  as 
X  and  another,  a„  as  y;  a,  is  thus  represented  by  a  series  of  parallels 
to  the  y  axis,  a,  by  a  series  of  parallels  to  the  x  axis  and  a,  by  a  series 
of  curves.  The  use  of  this  abacus  requii-cs  simultaneous  interpolation  by 
estimation  between  three  pairs  of  lines,  an  operation  not  susceptible  of 
much  precision.  The  accuracy  may  to  some  extent  be  increased  by 
.-di-awing  more  lines,  but  a  limit  is  buon  reached  beyond  which  tlie  nam- 
Mr.of  lines  becomes  confusing. 
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To  shorten  writing,  l«t  f»,  ^„  4„  be  written  \j»U.tA  of  f,  (n,), 
^»  (a,),  f^  (an),  Md  let  us  consider  (he  particular  cane  when  •qiiationii 
(Oi  (2),  (3),  BMnme  the  .orm  : 

J^  fi  +  y  <p,  +  ii  =  o 

W  J:  ff  +  y  t''i  +  i,  =  o 

■^ft  +  y<l'i  +  V-,  =  o 

Each  of  these  equations  defining  a  system  of  straight  lines,  their  re- 
sultant after  the  elimination  of  x  and  y  : 

f,    «4,    y-,  I 
W  f*    ^    tt     =o 

ft   <*.   it  ' 

is  represented  hy  three  Hystems  of  straight  lines.  Thus  an  abacus  con- 
siHting  of  straight  llneH  only  can  be  constructed  whenuvur  ihe  equation 
to  bo  represented  can  be  put  in  the  forn^.  of  equation  (5). 

By  the  application  of  the  principle  of  duality,  thi(«  ,,'ure  tan  H« 
transformed  into  a  correlated  one  such  thai  to  ■<traig^  lines  shall  .or- 
respond  points.     Each  of  the  cquationx  (4)   which,  m    the  first  fi^'Ur«, 


/« 


/ 

■Ik 


A     I, 

Fio.  2. 
defines  a  system  of  straight  lines  tangent  to  their  envelope,  defines,  in 
the  second  figure,  points  distributed  upon  a  curve,  their  bearer,  as  in 
Fig.  2.  Kquation  (5)  whi<h  in  the  first  figure  means  that  three  straight 
lines  are  copunctal,  means  in  the  correlated  figure  that  three  |)ointH  are 
coBiraight.  Instead  of  following  aw  in  Fig.  1  the  lines  (<r,)  and 
(a,)  to  their  intei-section  and  finding  the  line  of  the  system  (a,) 
which  passes  through  this  point,  the  mode  of  employment  of  the  new 
kind  of  abacus  (Fig.  2)  consists  in  joining  by  u  straight  line  the  points 
(a,;  and  (a,)  and  reading  the  graduation  at  the  intersection  of  the 
bearer  of  («,).  The  abacus  has  gained  in  simplicity,  consisting  only 
of  three  lines,  and  the  interpolation  by  estimation  instead  of  being  simul- 
taneous between  three  pairs  of  lines  is  now  made  three  times  in  succes- 
sion between  two  divisions  of  a  graduation,  a  process  susceptible  of  con- 
siderable proci  ion. 


mmm 


B  ROYAL  SOCIEm'  OF  CANADA 

A  convenient  way  of  ofTectin/i;  the  tranHforroation  in  to  employ 
pnr.illet  inHtend  of  ntrUgian  coonliiiateH.  The  parallel  co-ordinateii  u 
and  f  uf  a  Htraight  line  are  the  dialuncea  AM,  £y,  (Fig.  3)  of  it*  inter- 
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Het-tionH  by  two  para'ilel  lineH  fi-om  the  origins  A  and  B  itcleeted  on  thMe 
piirailek     In  thiM  Hyutem,  an  equation  of  the  tirtit  degree: 

(7)  (lu  -\-  bv  -j-  c  =  o 

detinen  a  point  of  which  the  cartcnian  co-ordinates  may  be  found  at 
follows  :  Taking  0,  centi-o  of  xlB,  as  origin,  OB  uh  axin  of  .i-,  a  parallel 
through  O  to  AM  and  BXan  axi8  of  y  and  designating  by  d  the  distance 
OB,  we  have  :  ' 


(8) 
(9) 


.1-  =  rf 


b  +  a 


b  +u 


Ktiiiation  (">  gwex  fur  «  =  o  : 


ami  f(  )r  <■  =  o : 


—  r 


Takiii);  .i  (' 


and    £Z>> 


<( b 

the  p<iint  di-fmed  by  equation  (7)  is  P,  intersec- 
tion of  .1  /'  and  B  C,  (Fig.  4). 


and 


Fui.  4. 
Similar  triangles  give  the  following  proportions  : 

AB       BD 

BJi  ^  e_p 

BA        AC 
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Ab»<^u  of  tkf  Aiimu      .    th»  Pole  Star. 

The  acimiilh  of  a  star  in  t«>rmit  of  the  luUtO'lv,  hoor  an|{le>n«l  polar 
diHtance,  U  Kiven  by  the  formulu  : 


in  which : 


tan  z  =z  tn»P.eo  A.Kinf 

1  —  tan  t*  tan  L  com  ( 


!  —  Asimuth  of  the  star 
P  =  Polar  (Iwtanofl  of  the  utar 

(  =  Hoar  angle  of  the  sUr 
L  =  Latitude. 

The  uimuth  and  polar  distance  of  the  Pole  Star  are  m  small  that  if 
the  above  expre'mon  be  developed  in  terms  of  the  powers  of  and  P,  the 
torms  oontaini'  owers  above  the  Hot'ond  can,  in  the  case  i  subdivision 
.  anreys,  be  neg       ed.     KxpreoHing  c  and  P  in  minutes  of  arc,  we  obtain : 

pi 

«  cos  Z,  =  P  Bin  f  +  -~a-  t«">  ^  •ir  -  '  "in  1' 

Ti!  ■••.r\-eya  of  Dominion  Lands  extend  from  the  49th  parallel  of 
latitude  I .  about  township  H4,  in  latitude  56'20',  an  interval  of  '"iO'. 


Substituting  the  valuta*  of  the  diflirent  linve,  the  equations  become: 

il  +  J-  i; 


•><( 


A  —  X    y 

L>  (5  —  r 


hence: 


d  —  r  =  2  (< 


by 

—  c 

".V 

—  c 


Adding  up  and  dividing  by  2  A,  we  have: 

or  y=    ~'.. 

6  +  a 

Subtracting  the  second  equation  fn>ni  the  first  one  gives : 
he. -lacing  y  by  its  valne  and  dividing  by  2: 


■pilip* 


■WMP 
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A  mean  value  of  the  latitude  may  therefore  be  adopted  for  the  laet  term 
of  rabove  expression,  which  is  always  small.'  Denot.ng  by  L„  th.s 
mean  value,  the  equation  may  be  written  ; 


P8in^+  ^  tan  i„  sin  2  f  sin  r 


COB  i  »■  O 


now  put ; 
(10) 


P  sin  t  +  -T-  ♦an  L„  sin  2  t  sin  1'  = 


and  the  equation  becomes  : 
(12) 


—  cos  L  = 


u 

T 

V 

T 


•L  +  JL.  =  o 


The  value  of  u  is  calculated  by  (10)  for  hour  angle  intervals  of  10 
minutes  and  laid  out  on  the  axis  of  «,  A  u,  (Fig.  5),  but  the  sidereal  time 
instead  of  the  hour  angle  is  marked  opposite  the  divisions  of  the  gradua- 
tion  This  time  is  equal  to  the  sum  of  the  hour  angle  and  right  ascen- 
sion of  the  Star.    The  modulus  Z,  is  the  length  of  one  minute  of  arc  on 


Fio.  5. 

^«;  it  18  selected  arbitmrily  so  as  to  give  suitable  proportions  to  the 

fiffurc. 

In  the  same  way,  the  values  of  r  or  —  cos  L  are  laid  out  below  B  on 
the  axis  of  c,  Bv.  v  being  negative.  The  modulus  /,  is  the  length  of 
cos  0°  ;  like  the  modulus  /,.  it  is  selected  so  as  to  give  suitable  propor- 

1  Designating  by  /-,  and  U  the  extreme  values  of  L,  the  value  of  L^  which 
causes  the  least  maximum  error  in  the  azimuth  is  given  by  the  expression  : 

tan   J.,    ens  L.,   +    tan    tj  cos  L\ 

tan  Lf.  —  ■ r — : 1 

"  ens  L\   +  cof  Ln 

In  the  present  case  L„  =  SS"!;'.    The  error  is  a  maximum  for  townships  0 

and  84  and  for  hour  angles  of  3  or  it  hours  :  it  is  then  equal  to  0.'22. 
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tions  to  tlie  figure.    The  number  of  the  towni«liip  corrmponding  to  the 
latitude  is  marked  on  the  diviHionH  »{ tlio  graduation. 

The  cartesian  co-ordinato8  of  the  points  detined  by  (12)  are  given  by 
(8)  and  (9) : 


(13) 


X  =  6 


y  =o 


I, 


> '.  +  /, 


'. 


y  being  equal  to  sero,  the  line  AR  in  the  tioaror  of  the  .-  walo. 
The  raluea  of  x  might  l>e  calculated  from  ( 13)  and  laid  out  troni  the  cenir* 
of  .Ifi,  but  the  graduation  can  be  eonntructe<l  in  a  more  HJmple  manner. 
In  the  firet  place,  we  observe  that  for  :  =  o.  x  —  —  6;  no  the  r.ero 
of  the  graduation  is  at  A.  For  z  =  «,  j-  =  rf  ;  w)  the  figurative  point 
is  at  a.  Now  the  iK;ale  defined  by  (13)  is  a  linear  scale  ;  iheieforo  it  is 
th-  ■!«  of  a  regular  scale  and  as  its  figurative  point  is  at  B  on  the  line 
fi  \  ':  .s  obtained  by  laying  out  a  regular  scale  on  a  parallel  to  lU-  and 
projecting  it  on  AB  from  a  projection  apex  on  Hi\  This  is  done  as 
follows : 


Kiu.  6. 

Join   township   84,   (Fitr.   6)    on   the   c   stale,   to  7*2ii"'  {t  =  6*) 
of   the  u   scale.     The  intersection  C  with    AB   is    the  end    of  the   use- 

p 
ful  part  of  the  c  scale.     The  value  of  r  in  this  case  in  let    us 

'  cos  66°20" 

say  12;t'.5.  With  a  suitable  scale,  measure  from  A  on  Au  a  length  AD 
of  129.5.  Select  on  .By  a  proper  projection  apex  <■/ ;  join  AG  and  GC. 
Through  D  draw  a  parallel  DM  to  AG  and  through  the  point  .1/  whciv 
it  intersects  ^r<7  produced,  draw  J/.V  parallel  to  ylf.  The  scale  used  for 
measuring  AD  if  laid  on  iWA^with  its  zeroat  N.  has  its  point  129'.5  at 
,  M\  therefore  its  projection  from  G  on  AC  gives  the  rcquireti  :  scale. 
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For  values  of  t  between  12*  and  24*,  the  graduations  of  both  t  and  z 
woulil  fall  beyond  A  and  incrcaiio  the  wise  of  the  figure:  this  in  avoided 
by  ehiinging  the  sign  of  u  in  (10).  We  have  then  two  graduations  for 
xidereal  time  on  Au,  and  two  graduationn  for  bearing  on  AB ;  the  second 
graduations  are  printed  in  red  to  distinguish  them.  Plate  I  showd  a 
specimen  of  the  abacus. 

Ahacvs  of  the  Altitude  of  the  Pole  Star. 

The  altitude,  A,  of  a  star  in  terms  of  the  latitude,  hour  angle  and 
polar  distance  is  gi\  tu  \>y  the  formula  : 

sill  A  =  sin  JD  cos  P  -\-  cos  L  sin  P  cos  t 


Let; 
then 


h  =  L  +  X 


sin  L  cos  .)■  +  cos  X  sin  x  =  sin  L  cos  P  +  cos  Jj  sin  P  cos  t 

P  and  X  are  very  small.  Developing  this  expression  in  terms  of  the 
powers  of  P  and  x,  and  discarding  the  terms  which  contain  powers 
above  the  second,  wo  find  : 

P' 

X  =  P  co»  t  —  -;j-  tan  L  sin' t 

As  before,  wo  a(loj)t  a  mean  value,  X,„  for  tan  X.'  Allowing  0'.76 
for  retraction,  we  may  write  ; 

H  =h  +  0'.7.) 
K.xpiossing  H,  L,  and  P  in  minutes,  wo  have : 


L-\-  P  cos  t  —  -^  tan  L„  wn'  t  sin  l'  —  «  +  0'.75  =  0 


Puiting ; 


=  L 


(15)        _;l^p,„,^_ 


p* 


tan  L„  sin'  /sin  1' 


the  eq'iation  becomes 

(1.;) 


u  V 

-j-  +  -!-  —  H-\-  0'.75  =  0 


The  scale  of  «,  (14),  is  a  regular  scale  of  modulus  ;„  properly 
selected,  for  one  minute  of  latitude.  It  is  laid  out  on  Au,  but  instead  of 
measuring  multiples  of  Z„  and  numbering  them  in  minutes  of  latitude 


'The  mean  value  causinp  the  least  maximum  error  in  the  altitude  is  the' 
mean  of  the  extreme  value.s  of  tan  /, ;  it  corresponds  to  L„  =  52°oi)'.  '1  he  maii- 
muni  error  for  /  =  6*  or  18a  and  for  township  0  or  84  is  OM75. 
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It 


we  meuKUro  raaltiples  of  n/„  n  being  the  numlK-r  of  minutes  of  latitude 

in  a  township,  and  mark  the  township  number  opIw^ito  the  .liviHionH  of 

the  graduation.     The  Bcale  of  c,  j,Mven  by  (15),  is  aim,  a  regular  Male 

laid  out  on  Bv  with  an  appropriate   modu'  .n  /, ;  inMoa.l  „f  tho  l...ur 

angle,   the  e.dereal  time  is  marke<l  oppomte  tho  divisions  of  the  v-rmlua- 
tjon. 

Thecarteeian  co-ordinates  of  the  points  of  the  // .lale    deth.cl  bv 
(16),  are  given  by  (8)  and  (9)  :  ■' 

'.  -  '.. 

"'.  +  ',' 


X  =  rf 


(//-o.To)/-; 


.  +'/; 


\  ' 


-f.t    0 


l-Ki.  7. 

X  being  a  consUnt,  tho  bearer  of  tho  7/  scale  is  a  parallel  CD 
(Fig.  7)  to  the  axes,  drawn  at  a  distance  x  from  tho  centre  of  Ali.     The 

IT  scale  is  a  regiilar  scale  of  mo<lulus  J-  +  J.^  commencing  at  0'.73 

I  3 

below  the  line  AB. 

The  abacus  has  been  made  in  two  parts  place  1  one  over  the  other. 
The  sidereal  time  scale  is  identical  in  both.  The  divisions  of  the  altitude 
and  township  scales  have  been  so  arranged  that  they  coinoi  ie,  but  they 
bear  different  numbers.  The  numbers  of  the  second  part  are  printed  in 
red, 

I'late  II  (<hows  a  specimen  of  the  abacus. 
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